This paper is a survey on the theory of strongly liftable schemes, which is based on the author's talk at the sixth International Congress of Chinese Mathematicians (ICCM, 2013) in Taipei. In this paper, we first recall some results on vanishing theorems in algebraic geometry. Secondly, we give a systematic introduction to the theory of strongly liftable schemes and its applications to vanishing theorems in positive characteristic. Finally, some remarks and further problems are put forward.
Vanishing theorems in algebraic geometry
As for vanishing theorems in algebraic geometry, the most famous one is the so-called Kodaira vanishing theorem. Theorem 1.1 (Kodaira vanishing). Let X be a smooth projective complex variety, ω X the canonical invertible sheaf on X, and L an ample invertible sheaf on X. Then H i (X, ω X ⊗ L) = 0 holds for any i > 0.
For convenience of citation, we also state the Kodaira-Akizuki-Nakano vanishing theorem in the logarithmic form as follows. Theorem 1.2 (Kodaira-Akizuki-Nakano vanishing). Let X be a smooth projective complex variety, D a simple normal crossing divisor on X, and L an ample invertible sheaf on X. Then H j (X, Ω i X (log D) ⊗ L −1 ) = 0 holds for any i + j < dim X.
There are many generalizations of the Kodaira vanishing theorem. One of the most important generalizations is the Kawamata-Viehweg vanishing theorem. As is well known, it is inevitable to run the higher dimensional minimal model program in the categories of varieties with suitable singularities, hence we have to consider Qdivisors instead of integral divisors. It turns out that the Kawamata-Viehweg vanishing theorem is indispensable and plays a crucial role in birational geometry of higher dimensional complex varieties.
The Kawamata-Viehweg vanishing theorem is of several forms. The one dealing with ample Q-divisors follows directly from the Kodaira vanishing theorem via the Kummer covering trick [Ka82, Vi82] . Theorem 1.5 (Raynaud's counterexample). There exist counterexamples to the Kodaira vanishing theorem on a smooth projective surface X, where X is either a quasielliptic surface of Kodaira dimension 1 or a surface of general type, and X admits a fibration f : X → C such that each fiber is a singular rational curve.
On the other hand, the author [Xie11a] gave a characterization of counterexamples to the Kodaira vanishing theorem. Theorem 1.6. If there exists a counterexample to the Kodaira vanishing theorem on a smooth projective surface X, then X must be either a quasi-elliptic surface of Kodaira dimension 1 or a surface of general type, and X admits a fibration f : X → C such that each fiber is a singular curve. Theorems 1.5 and 1.6 show that counterexamples to the Kodaira vanishing theorem are really restrictive from the viewpoint of the classification theory of algebraic surfaces in positive characteristic. Whereas considering the Kawamata-Viehweg vanishing theorem, we found that there exist counterexamples to it even on geometrically ruled surfaces, which shows that pathologies do exist widely in algebraic geometry of positive characteristic.
We recall the following definition from [Ta72b, Definitions 9 and 11].
Definition 1.7. Let f ∈ K(C) be a rational function on a smooth projective curve C.
where (df ) = x∈C v x (df )x is the divisor associated to the rational differential 1-form df . The Tango invariant n(C) of the curve C is defined by
If n(C) > 0, then C is called a Tango curve.
If f ∈ K p (C), then (df ) is a canonical divisor on C with degree 2(g(C) − 1). It is easy to see that n(C) ≤ [2(g(C) − 1)/p]. Therefore, if n(C) > 0 then g(C) ≥ 2 holds. On the other hand, it follows from [Ta72b, Proposition 14] that n(C) ≥ 0 holds if g(C) ≥ 1. By an elementary calculation, we can show that n(P 1 ) = −1 and n(C) = 0 holds for any elliptic curve C.
Example 1.8. There do exist Tango curves C for each characteristic p > 0.
(i) Assume p ≥ 3. Let h ≥ 3 be an odd integer, and let C be the projective completion at infinity of the affine curve defined by y 2 = x ph + x p+1 + 1. It is easy to verify that C is a smooth hyperelliptic curve and that (d(y/x p )) = (ph−3)z ∞ , where z ∞ is the infinity point of C (cf. [Sh94, Ch. III, §6.5]). Hence n(C) = n(y/x p ) = h − 1 > 0.
(ii) Let h > 2 be an integer, and let C be the projective completion at infinity of the Artin-Schreier cover of the affine line defined by y hp−1 = x p − x. It is easy to verify that C is a smooth curve and that (dy) = p(h(p − 1) − 2)z ∞ , where z ∞ is the infinity point of C. Hence n(C) = n(y) = h(p − 1) − 2 > 0 (cf. [Ra78] ).
(iii) Assume p ≥ 3. Let C ⊂ P 2 be the projective curve defined by
2 ). Then we can show that C is a smooth curve with n(C)
The author [Xie10a] proved that we can construct counterexamples to the KawamataViehweg vanishing theorem on geometrically ruled surfaces over Tango curves. Theorem 1.9 (Xie's counterexample). If C is a Tango curve, then there is a P 1 -bundle f : X → C, and an ample Q-divisor H on X such that C = Supp H is a smooth curve and f | C : C → C is the Frobenius morphism. However, H 1 (X, K X + H ) = 0.
We saw that, in general, vanishing theorems fail definitively in positive characteristic. In order to obtain some positive results on vanishing theorems, usually algebraic varieties should be put on certain lifting conditions. Let X be a noetherian scheme over k, and D = D i a reduced Cartier divisor on X. A lifting of (X, D) over W 2 (k) consists of a scheme X and closed subschemes D i ⊂ X, all defined and flat over
Let L be an invertible sheaf on X. A lifting of (X, L) consists of a lifting X of X over W 2 (k) and an invertible sheaf L on X such that L| X = L. For simplicity, we say that L is a lifting of L on X, if no confusion is likely.
Deligne and Illusie [DI87] have used the method -"decomposition of de Rham complex" to prove the Kodaira-Akizuki-Nakano vanishing theorem (absolute form) on a smooth projective variety X provided that X is liftable over W 2 (k), and used the reduction modulo p method to give a purely algebraic proof of the Kodaira-AkizukiNakano vanishing theorem (absolute form) in characteristic zero. Furthermore, they have also claimed the corresponding results [DI87, §4.2] in the logarithmic form for a log pair (X, D), where D is a simple normal crossing divisor on X. The explicit statements and proofs of those results have been given by Esnault and Viehweg [EV92, §8- §11]. In particular, if (X, D) is liftable over W 2 (k), then the Kodaira-Akizuki-Nakano vanishing theorem (logarithmic form) holds for (X, D). Theorem 1.11 (Kodaira-Akizuki-Nakano vanishing in char. p > 0). Let X be a smooth projective variety with dim X = d, D a simple normal crossing divisor on X, and L an ample invertible sheaf on X.
Later, Hara [Ha98] and Matsuki-Olsson [MO05] have independently proved the Kawamata-Viehweg vanishing theorem in positive characteristic under certain lifting conditions of log pairs over W 2 (k). The method of Hara is to use a quasi-isomorphism between the logarithmic de Rham complex and its variant by adding certain modulo p fractional parts, while Matsuki and Olsson replaced the Kummer covering trick with the stack technique, which behaves well in arbitrary characteristic, and interpreted the Kawamata-Viehweg vanishing on varieties as the Kodaira vanishing on stacks.
Theorem 1.12 (Kawamata-Viehweg vanishing in char. p > 0). Let X be a smooth projective variety with dim X = d, H an ample Q-divisor on X, and D a simple normal crossing divisor containing
In addition, Illusie [Il90] has generalized the result in [DI87] 
The theory of strongly liftable schemes
In order to obtain a practical version of the Kawamata-Viehweg vanishing theorem in positive characteristic instead of Theorem 1.12, we have to take the lifting property of all log pairs into account. For this purpose, we shall introduce a new notion -"strongly liftable scheme", which was first defined by the author [Xie10c, Definition 2.3].
Let X be a smooth scheme over k, and X a lifting of X over W 2 (k). Then O X is flat over W 2 (k), hence flat over Z/p 2 Z. Note that there is an exact sequence of Z/p 2 Z-modules:
Tensoring the above by O X , we obtain an exact sequence of O X -modules:
and an O X -module isomorphism
where r is the reduction modulo p satisfying p(x) = p x, r( x) = x for x ∈ O X , x ∈ O X . Combining the exact sequence (1) and the isomorphism (2), we obtain an exact sequence of O X -modules:
Definition 2.1. Let X be a smooth scheme over k. X is said to be strongly liftable over W 2 (k), if there is a lifting X of X over W 2 (k), such that for any prime divisor D on X, (X, D) has a lifting ( X, D) over W 2 (k) as in Definition 1.10, where X is fixed for all liftings D. In other words, X is strongly liftable over W 2 (k), if X and all prime divisors on X can be lifted simultaneously over W 2 (k).
Let X be a smooth scheme over k, X a lifting of X over W 2 (k), D a prime divisor on X and L D = O X (D) the associated invertible sheaf on X. Then there is an exact sequence of abelian sheaves:
where (2) and r is the reduction modulo p. The exact sequence (4) gives rise to an exact sequence of cohomology groups:
If r :
which gives rise to an exact sequence of cohomology groups:
There is a criterion for strong liftability [Xie11b, Proposition 2.5].
Proposition 2.2. Let X be a smooth scheme over k, and X a lifting of X over W 2 (k). Then X is strongly liftable if the following two conditions hold: (i) A n k , P n k and a smooth projective curve;
(ii) A smooth projective variety of Picard number 1 which is a complete intersection in P n k ;
(iii) A smooth projective rational surface;
(iv) A smooth projective toric variety;
(v) A cyclic cover over P n k (n ≥ 3) with the reduced part of the branch locus being smooth.
Proof
(2) By Theorem 1.12, the log pair (X, C ) constructed in Theorem We have the cyclic cover trick over W 2 (k) [Xie11b, Theorem 4.1], which can be used to study the behavior of cyclic covers over strongly liftable schemes. Theorem 2.6. Let X be a smooth scheme, and L an invertible sheaf on X. Let N be a positive integer prime to p, and D an effective divisor on X with L N = O X (D).
Then Y is normal and the natural projection π : Y → X is a finite surjective morphism of degree N , which is called the cyclic cover obtained by taking the N -th root out of D. Furthermore, if Sing(D red ) = ∅, then Y is smooth.
(ii) If X has a lifting X over W 2 (k), L has a lifting L on X, and D has a lifting D on X with 
.4]).
Corollary 2.8. Let X be a smooth projective variety, and L an invertible sheaf on X. Let N be a positive integer prime to p, and D an effective divisor on X with L N = O X (D). Let π : Y → X be the cyclic cover obtained by taking the N -th root out of D. If X is strongly liftable over W 2 (k), H 1 (X, L N ) = 0 and Sing(D red ) = ∅, then Y is a smooth projective scheme which is liftable over W 2 (k).
Corollary 2.9. Let X be a smooth projective toric variety, and L an invertible sheaf on X. Let N be a positive integer prime to p, and D an effective divisor on X with L N = O X (D) and Sing(D red ) = ∅. Let π : Y → X be the cyclic cover obtained by taking the N -th root out of D. Then Y is a smooth projective scheme which is liftable over W 2 (k).
By using Corollary 2.9, we can construct a large class of liftable smooth projective varieties obtained by taking cyclic covers over toric varieties. In particular, there do exist many liftable smooth projective varieties of general type.
We have also a criterion [Xie13b, Theorem 4.1] for that cyclic covers over strongly liftable schemes are still strongly liftable.
Theorem 2.10. With notation and assumptions as in Theorem 2.6, fix such liftings X, L and s corresponding to D as in Theorem 2.6(ii). Assume further that for any prime divisor E on X which is not contained in Supp(D), there exists a lifting
Definition 2.11. A noetherian scheme X is said to satisfy the H i -vanishing condition, if H i (X, L) = 0 holds for any invertible sheaf L on X. For example, the projective space P n k satisfies the H i -vanishing condition for any 1 ≤ i ≤ n − 1.
There is a corollary to Theorem 2.10 (see [Xie13b, Corollary 4 
Corollary 2.12. Let X be a smooth projective variety satisfying the H i -vanishing condition for i = 1, 2. Then X is strongly liftable over W 2 (k), and for any cyclic cover π : Y → X constructed as in Theorem 2.6(i), Y is also strongly liftable over W 2 (k).
We have the Kummer covering trick over W 2 (k) [XW13, Theorem 3.1], which was proved by means of the logarithmic techniques developed by K. Fujiwara, K. Kato and C. Nakayama. Theorem 2.13. Let X be a smooth projective variety strongly liftable over
(a i , b i ) = 1 and p b i for all i ∈ I, and i∈I D i is simple normal crossing. Then there exists a finite Galois morphism τ : Y → X from a smooth projective variety Y with Galois group G = Gal(K(Y )/K(X)) which satisfies the following conditions:
By means of Theorem 2.13, we can construct a large class of liftable smooth projective varieties from strongly liftable schemes. Furthermore, the Kawamata-Viehweg vanishing theorem on strongly liftable schemes can also be deduced from Theorem 2.13 (see [XW13, Corollary 3 .9]).
Applications to vanishing theorems
If X is a smooth projective variety strongly liftable over W 2 (k), then the KawamataViehweg vanishing theorem (smooth case) holds on X, which is a direct consequence of Definition 2.1 and Theorem 1.12.
When considering algebraic surfaces, we can weaken the strong liftability condition to obtain a more practical result on the Kawamata-Viehweg vanishing theorem (general case) [Xie10c, Theorem 4.2].
Theorem 3.1. Let X be a normal projective surface, D a Q-Cartier Weil divisor on X, and B an effective Q-divisor such that (X, B) is KLT and that D − (K X + B) is ample. If X is birational to a strongly liftable smooth projective surface S, then H 1 (X, D) = 0 holds. Definition 3.2. Let X be a normal projective surface, and B an effective Q-divisor. The log pair (X, B) is called a log del Pezzo surface if (X, B) is KLT and −(K X + B) is ample. X is called a log del Pezzo surface (resp. weak log del Pezzo surface) if (X, 0) is KLT and −K X is ample (resp. nef and big).
We can prove that for a log del Pezzo surface (X, B), X is a rational surface, i.e. X is birational to the projective plane P 2 k , which is strongly liftable by Theorem 2.4. By Theorem 3.1, we have the following result [Xie10b, Theorem 1.4 and Corollary 1.6].
Theorem 3.3. The Kawamata-Viehweg vanishing theorem (general case) holds for rational surfaces, hence holds for log del Pezzo surfaces. (2) A Fano variety, by definition, is a projective variety X with the anticanonical divisor −K X ample. Fano surface is conventionally called del Pezzo surface. As is well known, Fano variety has appeared as a kind of outcome of running the minimal model program, so the study of Fano varieties is of certain interest in birational geometry of algebraic varieties. Let us recall some known vanishing or non-vanishing results concerning Fano varieties in positive characteristic, which show that Corollary 3.4 is just a result as expected.
(i) Tango [Ta72a] has proved that the Kodaira vanishing theorem holds on smooth projective ruled surfaces, hence holds on smooth del Pezzo surface.
(ii) Reid [Re94] has found nonnormal del Pezzo surfaces X with H 1 (X, O X ) = 0.
(iii) Schröer [Sc07] proved that over any nonperfect field k of characteristic p = 2, there is a normal del Pezzo surface X with H 1 (X, O X ) = 0.
(iv) Shepherd-Barron [SB97] established that H 1 (X, O X ) = H 2 (X, O X ) = 0 holds for smooth Fano threefolds.
(v) Lauritzen and Rao [LR97] has constructed counterexamples to the Kodaira vanishing theorem on certain smooth Fano varieties of dimension at least 6.
In fact, we have a generalization of Theorem 3.1, where no singularity assumption is made [Xie11b, Theorem 3.7] . Theorem 3.6. Let X be a normal projective surface and H a nef and big Q-divisor on X. If X is birational to a strongly liftable smooth projective surface S, then H 1 (X, K X + H ) = 0 holds. By Theorem 2.4(iv), smooth projective toric varieties are strongly liftable, hence by Theorem 1.12, the Kawamata-Viehweg vanishing theorem (smooth case) holds for smooth projective toric varieties. In fact, we can use the liftability of the relative Frobenius morphism of toric varieties and the strong liftability of toric varieties to prove the Bott vanishing theorem, the degeneration of the Hodge to de Rham spectral sequence and the Kawamata-Viehweg vanishing theorem for projective toric varieties.
Let X be a normal scheme over k, and D a reduced Weil divisor on X. Then there exists an open subset U of X such that codim X (X − U ) ≥ 2, U is smooth over k, and D| U is simple normal crossing on U . Such an U is called a required open subset for the log pair (X, D). Example 3.7.
(1) Let X be a smooth scheme over k, and D a simple normal crossing divisor on X. Then we can take the largest required open subset U = X.
(2) Let X = X(∆, k) be a toric variety, and D a torus invariant reduced Weil divisor on X. Take U to be X(∆ 1 , k), where ∆ 1 is the fan consisting of all 1-dimensional cones in ∆. Then it is easy to show that U is an open subset of X with codim X (X − U ) ≥ 2, U is smooth over k, and D| U is simple normal crossing on U . Hence U is a required open subset for (X, D). [Fu07] to the case where concerned Weil divisors are not necessarily torus invariant.
Theorem 3.9 (Bott vanishing). Let X be a projective toric variety over k, D a reduced Weil divisor on X, and L an ample invertible sheaf on X. Then H j (X, Ω i X (log D) ⊗ L) = 0 holds for any j > 0 and any i ≥ 0.
Theorem 3.10 (Hodge to de Rham spectral sequence). Let X be a projective toric variety over k, and D a reduced Weil divisor on X. Then the Hodge to de Rham spectral sequence degenerates in E 1 :
• X (log D)). Theorem 3.11 (Kawamata-Viehweg vanishing). Let X be a projective toric variety over k, and H a nef and big Q-divisor on X. Then H i (X, K X + H ) = 0 holds for any i > 0.
Remark 3.12. In fact, the conclusions of Theorems 3.9-3.11 hold for projective toric varieties of arbitrary characteristic, which is proved in [Xie13c, Theorems 1.1-1.3] by means of the reduction modulo p method.
Some remarks and further problems
In fact, we can generalize almost all of the results in §2 to the case where everything is considered over W (k), the ring of Witt vectors of k. A smooth scheme X is said to be strongly liftable over W (k), if X and all prime divisors on X can be lifted simultaneously over W (k). The following result [XW13, Theorem 1.3] is a generalization of Theorem 2.4.
Theorem 4.1. The following schemes are strongly liftable over W (k):
(i) A n k , P n k and a smooth projective curve;
(iv) A smooth projective toric variety.
By means of cyclic covers over toric varieties, we can obtain a large class of smooth projective varieties which are liftable over W (k) [XW13, Corollary 1.4]. Finally, we put forward some related problems to the theory of strongly liftable schemes. As shown in Remark 2.5, we would like to ask: Problem 4.3. As for K3 surfaces, Kummer surfaces, Enriques surfaces, elliptic surfaces and so on, are they strongly liftable over W 2 (k)? If possible, find counterexamples to the Kawamata-Viehweg vanishing theorem on them.
We would also like to put forward the following conjecture, i.e. cyclic covers over toric varieties should be strongly liftable over W 2 (k), where the liftability was proved in Theorem 2.6 and an easy case was settled in Corollary 2.12.
Conjecture 4.4. Let X be a smooth projective toric variety, and L an invertible sheaf on X. Let N be a positive integer prime to p, and D an effective divisor on X with L N = O X (D) and Sing(D red ) = ∅. Let π : Y → X be the cyclic cover obtained by taking the N -th root out of D. Then Y is a smooth projective scheme which is strongly liftable over W 2 (k).
Remark 3.5(v) implies that there exist smooth Fano varieties of dimension at least 6 which are not liftable over W 2 (k), whereas Remark 3.5(iv) gives us a hint that smooth Fano threefolds would be strongly liftable over W 2 (k). Therefore, it is of great interest to ask:
Problem 4.5. Are smooth Fano threefolds strongly liftable over W 2 (k)?
